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SOBOLEV EMBEDDING CONSTANTS AND
MOSER–TRUDINGER INEQUALITIES ON LIE GROUPS
TOMMASO BRUNO, MARCO M. PELOSO, AND MARIA VALLARINO
Abstract. In this paper we prove a precise estimate of the Sobolev embedding constant
on general noncompact Lie groups, for sub-Riemannian inhomogeneous Sobolev spaces
endowed with relatively invariant measures. Such an estimate appears to be new even
in the case of the classical inhomogeneous Sobolev spaces on Rd. As an application, we
prove local and global Moser–Trudinger inequalities.
1. Introduction
If ∆ denotes the Laplacian on Rd and Lpα “ pI `∆qα{2Lp is the associated inhomoge-
neous Sobolev space, it is well known that Lpα ãÑ Lq when 1 ă p ă 8, 0 ă α ă d{p and
1{q “ 1{p´α{d. Interestingly, but also surprisingly to us, the related embedding constant
has remained relatively unexplored [22, 8]. Most of the results, as it sounds natural, deal
instead with the constant involved in the embedding 9Lpα “ ∆α{2Lp ãÑ Lq of the homoge-
neous spaces. The sharp constant for this embedding has a long history and a multitude
of applications, and in some special cases it has been obtained, see e.g. [26, 4, 18].
A well-established application of the Sobolev embedding theorem, both in the homoge-
neous and inhomogeneous case, is the classical Moser–Trudinger inequality [27, 20], which
arises as a substitute of boundedness for functions in the Sobolev space Lp
d{p, as this does
not embed in L8. It has the formż
Rd
´
exppγ|f |p1pxqq ´ 1
¯
dx ď CΩ (1.1)
for some γ ą 0 and all f P Lp
d{p supported in a fixed, sufficiently smooth compact set Ω
and with norm not larger than 1. The Moser–Trudinger inequality on the whole space
R
d appeared only at a later time, cf. [1, 21, 22], and in this case the exponential needs
to be regularized in order to make the integral converge. Nowadays, there exists a vast
literature on these inequalities and their generalizations, and a thorough treatment would
go out of the scope of the present work. We refer the reader to the recent papers [10, 11]
for a complete and extensive bibliography.
The aim of this paper is to study analogous problems on general noncompact Lie groups.
The natural substitutes of the Laplacian in this setting are sub-Laplacians with drift,
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see [5], and the measures with respect to which they are symmetric are absolutely con-
tinuous with respect to the right Haar measure of the group; their density is any of its
continuous positive characters. This setting, and these operators in particular, were first
studied in [14], and an associated theory of Sobolev spaces, that we shall denote by Lpα,
was developed in [5]. In such generality, since the Riesz transforms might be unbounded
on Lp even when 1 ă p ă 8 (see e.g. [12]), the natural Sobolev spaces seem to be those
endowed with an inhomogeneous norm, which reduces to the Sobolev norm of Lpα in the
Euclidean case.
Our main attention is focused on the case of Sobolev spaces defined in terms of the
intrinsic sub-Laplacian L (see [3] and Section 2 below for its definition) and the left Haar
measure λ, with respect to which L is self-adjoint. In this case, we obtain an estimate
for the constant of the embedding Lpαpλq ãÑ Lqpλq, of the form C p q1´1{p{pp ´ 1q, where
C depends only on the group and the set of vector fields that define L, but not on the
other parameters. To the best of our knowledge, such a precise estimate is new even in Rd.
Comparisons with the few known sharp estimates in the homogeneous case (especially [26])
seem to suggest that the dependence on p and q might be optimal, but we are unable to
prove or disprove this at the moment. We leave this question, which is open even in the
case of Rd, to future work.
As an application of such quantitative Sobolev embeddings, we prove local and global
Moser–Trudinger inequalities in our setting, with an explicit description of the threshold
γ for which the analogue of (1.1) and its global version hold. Our approach is close in
spirit, and inspired by, [22]. We refer the reader also to the recent work [24].
2. Setting and Preliminaries
Let G be a noncompact connected Lie group with identity e. We denote by ρ a right
Haar measure, by χ a continuous positive character of G, and by µχ the measure with
density χ with respect to ρ. As the modular function on G, which we denote by δ, is such
a character, µδ is a left Haar measure on G. We denote it by λ. Observe also that µ1 “ ρ.
Let X “ tX1, . . . ,Xℓu be a family of left-invariant linearly independent vector fields
which satisfy Ho¨rmander’s condition. Let dCp ¨ , ¨ q be its associated left-invariant Carnot–
Carathe´odory distance. We let |x| “ dCpx, eq, and denote by Br the ball centred at e of
radius r. The volume of the ball Br with respect to the measure ρ will be denoted by
V prq “ ρpBrq; recall that V prq “ λpBrq. We also recall (cf. [13, 28]) that there exist two
constants, d P N˚ depending on G and X, and D ą 0 depending only on G, such that
C´1rd ď V prq ď Crd @r P p0, 1s ,
V prq ď CeDr @r P p1,8q , (2.1)
where C ą 0 is independent of r. We also recall that, for any character χ, one has (cf. [14])
sup|x|ďr χpxq “ ecpχqr, where cpχq “ p|X1χpeq|2 ` ¨ ¨ ¨ ` |Xℓχpeq|2q1{2.
The metric measure space pG, dC , µχq is then locally doubling, but not doubling in general.
Observe moreover that cpχq “ cpχ´1q.
If p P r1,8q, the spaces of (equivalent classes of) measurable functions whose p-power
is integrable with respect to µχ will be denoted by L
ppµχq, and endowed with the usual
norm which we shall denote by } ¨ }Lppµχq. The space L8 is defined analogously, but it
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is independent of χ. The convolution between two functions f and g, when it exists, is
defined by
f ˚ gpxq “
ż
G
fpxy´1qgpyqdρpyq, x P G .
We recall that Young’s inequality for the measure λ has the following form [15]: if 1 ă
p ď q ă 8 and r ě 1 is such that 1
p
` 1
r
“ 1` 1
q
, then
}f ˚ g}Lqpλq ď }f}Lppλq}qg}r{p1Lrpλq}g}r{qLrpλq,
}f ˚ g}L8 ď }f}Lppλq}qg}Lp1pλq, (2.2)
where qgpxq “ gpx´1q. We denote by ∆χ the sub-Laplacian with drift
∆χ “ ´
ℓÿ
j“1
pX2j ` pXjχqpeqXjq.
In particular, we shall denote the operator ∆δ by L, and observe that it coincides with
the intrinsic sub-Laplacian of [3].
The operator ∆χ generates a diffusion semigroup, i.e. pe´t∆χqtą0 extends to a contrac-
tion semigroup on Lppµχq for every p P r1,8s (see [14]) whose infinitesimal generator,
with a slight abuse of notation, we still denote by ∆χ. Observe that ∆1 is the standard
left-invariant sum-of-squares sub-Laplacian. We denote by pχt the convolution kernel of
e´t∆χ , and we recall that by [29, Theorem IX.1.3] and [5, eq. (2.8)] there exist constants
b, c ą 0 depending only on G and X such that
p
χ
t pxq ď c pδχ´1q1{2pxq p1^ tq´
d
2 e´
1
4
tcpχq2 e´b
|x|2
t , x P G, t ą 0. (2.3)
Let b0 “
?
b{2, and define
τχ “ max
"
2
b
“
cpδχ´1q ` 2D ` b0
‰2 ´ 1
4
cpχq2, 1
*
. (2.4)
Observe that cpδχ´1q “ 0 if χ “ δ or, equivalently, if µχ “ λ. We refer the reader
to [5, 6, 7] for background and further details on these matters.
Following [5], when p P p1,8q and α ą 0 we define the Sobolev spaces Lpαpµχq as the
set of functions f P Lppµχq such that pτχI `∆χqα{2f P Lppµχq, endowed with the norm
}f}Lpαpµχq “ }pτχI `∆χqα{2f}Lppµχq. (2.5)
If α “ 0, we let Lp0pµχq “ Lppµχq. We recall that (2.5) is equivalent to the norm }f}Lppµχq`
}∆α{2χ f}Lppµχq, see [5]. The reason for choosing the shift τχ in the definition of Lpαpµχq will
be clarified later on; we refer the reader, in particular, to Remark 3.2 below.
In [5, Theorem 1.1] the Sobolev embeddings Lp
d{ppµχq ãÑ Lqpµχq{pδ1´q{pq for every q ě p,
and Lpαpλq ãÑ Lqpλq when 0 ă α ă d and q ą p are such that 1{q “ 1{p ´ α{d, were
established. In this paper we estimate the embedding constants in a precise way, as we
explain below.
Throughout the paper, we shall disregard any dependence of the embedding constants
on G and X, which are assumed to be fixed once and for all from this point on. We
shall, instead, obtain explicit results in terms of the dependence on p, q and α. A generic
constant depending only on G and X will be denoted by C or CpG,Xq, and its value may
vary from line to line. Recall in particular that d “ CpG,Xq and D “ DpGq.
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For α ą 0, let Gαχ be the convolution kernel of pτχI `∆χq´α{2. Let
Gα,locχ “ Gαχ1Bpe,1q, Gα,globχ “ Gαχ1Bpe,1qc . (2.6)
The following is a refined version of [5, Lemma 4.1].
Lemma 2.1. There exists C “ CpG,Xq ą 0 such that, for α P p0, dq and x P G,
|Gα,locχ pxq| ď C
α
d´ αpδχ
´1q1{2pxq|x|α´d1Bpe,1qpxq,
|Gα,globχ pxq| ď C pδχ´1q1{2pxq e´p2D`cpδχ
´1q`b0q|x|1Bpe,1qcpxq.
Proof. We recall that the convolution kernel Gαχ can be written as
Gαχ “
1
Γpα{2q
ż 8
0
tα{2´1e´τχ tpχt dt,
so that by (2.3)
Gαχpxq ď
C
Γpα{2q pδχ
´1q1{2pxq
ż 8
0
tα{2´1p1^ tq´d{2e´pτχ` 14 cpχq2qte´b|x|2{t dt .
Set a “ τχ ` 14cpχq2. Since at` b|x|2{t ě 12pat` b{t`
?
2ab|x|q, we see that when |x| ě 1,
Gαχpxq ď
C
Γpα{2q pδχ
´1q1{2pxq e´ 12
?
2ab|x|
ż 8
0
tα{2´1p1^ tq´d{2e´ at2 ´ b2t dt
ď Cpδχ´1q1{2pxq e´p2D`cpδχ´1q`b0q|x| .
On the other hand, when |x| ď 1, splitting the integral we have
Gαχpxq ď C α pδχ´1q1{2pxq
ˆż 1
0
tpα´dq{2´1e´b|x|
2{t dt`
ż 8
1
tα{2´1e´ate´b|x|
2{t dt
˙
“: C α pδχ´1q1{2pxq pG1pxq `G2pxqq .
It is clear, since α P p0, dq and a ě 1, that G2pxq ď C. Since α P p0, dq, we also have
G1pxq “ |x|α´d
ˆż 1
|x|2
`
ż 8
1
˙
upd´αq{2´1e´bu du ď C |x|α´d
ˆ
1
d´ αp1´ |x|
d´αq ` 1
˙
,
and the conclusion follows. 
3. The Sobolev embedding constant
We are now ready to state our main result. We point out that, to the best of our
knowledge, such precise dependence of the embedding constant on p and q is new even in
the case of the inhomogeneous Sobolev spaces in Rd; see Remark 3.2 below. Our result
should be compared with [22], where the dependence on p is not explicit.
Theorem 3.1. Let p P p1,8q, α P r0, dq and q P rp,8q be such that 1
q
“ 1
p
´ α
d
. There
exists A1 “ A1pG,Xq ą 0 such that
}f}Lqpλq ď A1
p
p´ 1q
1´1{p}f}Lpαpλq
for all f P Lpαpλq.
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Proof. Observe first that we may assume α ą 0 and q ą p, for otherwise the embedding
constant is 1. Then define
Kαpxq “ |x|α´d1Bpe,1qpxq, K˜αpxq “ e´p2D`b0q|x|1Bpe,1qcpxq.
We claim that
}f ˚Kα}Lqpλq ď CpG,Xq
d´ α
α
p1 q1´1{p}f}Lppλq, (3.1)
}f ˚ K˜α}Lqpλq ď CpG,Xq}f}Lppλq. (3.2)
By combining these bounds and Lemma 2.1, we obtain that
}pτδI ` Lq´α{2f}Lqpλq ď C p1 q1´1{p}f}Lppλq,
which implies
}f}Lqpλq ď C p1 q1´1{p}f}Lpαpλq,
where C depends only on G and X. Thus, it remains to prove the claims.
The bound (3.2) follows by applying Youngs’s inequality (2.2)
}f ˚ K˜α}Lqpλq ď }f}Lppλq}K˜α}rp1{p
1`1{qq
Lrpλq , (3.3)
where r P p1,8q is such that 1
p
` 1
r
“ 1` 1
q
. We then have
}K˜α}rLrpλq ď C
ż
Bc
1
e´rp2D`b0q|x| dλpxq
ď C
8ÿ
k“0
ż
2kď|x|ă2k`1
e´rp2D`b0q|x| dλpxq
ď C
8ÿ
k“0
e´rp2D`b0q2
k`D2k`1 ď C,
which combined with (3.3) implies (3.2). The remainder of the proof will be devoted to
show (3.1).
For s ą 0, define
Kp1qα,s “ Kα 1Bpe,sq, Kp2qα,s “ Kα 1Bpe,sqc .
Let now p˜ P p1,8q and q˜ P pp˜,8q be such that 1
q˜
“ 1
p˜
´ α
d
. By Young’s inequality (2.2),
there exists C ą 0 depending only on G and X such that
}f ˚Kp1qα,s}Lp˜pλq ď }f}Lp˜pλq} qKp1qα,s}1{p˜L1pλq}Kp1qα,s}1{p˜1L1pλq
ď C}f}Lp˜pλq ˆ
#
1
α
sα if s ă 1
1
α
if s ě 1, (3.4)
and
}f ˚Kp2qα,s}L8 ď }f}Lp˜pλq} qKp2qα,s}Lp˜1pλq
ď C}f}Lp˜pλq ˆ
$&%
´
q˜
dp˜1
¯1{p˜1 pspα´dqp˜1`d ´ 1q1{p˜1 if s ă 1
0 if s ě 1.
(3.5)
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Observe that pα´ dqp˜1 ` d ă 0 under our assumptions. For t ą 0 we now set
sptq “
«
1` dp˜
1
q˜
ˆ
t
2
˙p˜1ff 1pα´dqp˜1`d
,
and observe that sptq ď 1 for every t ą 0. By (3.5),
}f ˚Kp2q
α,sptq}L8 ď C
t
2
}f}Lp˜pλq @t ą 0 . (3.6)
Thus, with C the same constant as in (3.4) and (3.5),
sup
tą0
t λptx : |f ˚Kαpxq| ą tuq1{q˜
“ C}f}Lp˜pλq sup
tą0
t λ
´!
x : |f ˚Kαpxq| ą Ct}f}Lp˜pλq
)¯1{q˜
ď C}f}Lp˜pλq sup
tą0
t λ
ˆ"
x : |f ˚Kp1q
α,sptqpxq| ą C
t
2
}f}Lp˜pλq
*˙1{q˜
` C}f}Lp˜pλq sup
tą0
t λ
ˆ"
x : |f ˚Kp2q
α,sptqpxq| ą C
t
2
}f}Lp˜pλq
*˙1{q˜
“ C}f}Lp˜pλq sup
tą0
t λ
ˆ"
x : |f ˚Kp1q
α,sptqpxq| ą C
t
2
}f}Lp˜pλq
*˙1{q˜
,
since sptq was chosen so that the second super-level set was empty. By (3.4), we get
sup
tą0
t λ
ˆ"
x : |f ˚Kp1q
α,sptqpxq| ą C
t
2
}f}Lp˜pλq
*˙1{q˜
ď sup
tą0
t
»–˜ 2
Ct}f}Lp˜pλq
¸p˜
}f ˚Kp1q
α,sptq}p˜Lp˜pλq
fifl1{q˜
ď sup
tą0
t
ˆ
Ct}f}Lp˜pλq
2
˙´p˜{q˜ ˆ
sptqα
α
˙p˜{q˜
C p˜{q˜}f}p˜{q˜
Lp˜pλq
“
ˆ
2
α
˙p˜{q˜
sup
tą0
t1´p˜{q˜
«
1` dp˜
1
q˜
ˆ
t
2
˙p˜1ff´ 1p˜1 p1´ p˜q˜ q
“ 2
αp˜{q˜
ˆ
q˜
dp˜1
˙ 1
p˜1
p1´ p˜
q˜
q
sup
uą0
u1´p˜{q˜p1` up˜1q´ 1p˜1 p1´
p˜
q˜
q
.
It is now easy to see that, for every p˜ and q˜,
sup
uą0
u1´p˜{q˜p1` up˜1q´ 1p˜1 p1´
p˜
q˜
q “ sup
vą0
“
v{p1` vq‰ 1p˜1 p1´ p˜q˜ q “ 1.
Moreover, by our assumption on pp˜, q˜q,
p˜
q˜
“ 1´ p˜α
d
and
1
p˜1
´
1´ p˜
q˜
¯
“ pp˜´ 1qα
d
,
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so that we end up with the inequality
}f ˚Kα}Lq˜,8pλq “ sup
tą0
t λptx : |f ˚Kαpxq| ą tuq
1
q˜
ď Cαp˜α{d´1
ˆ
q˜
dp˜1
˙pp˜´1qα{d
}f}Lp˜pλq. (3.7)
In other words, the operator defined by Kαf “ f ˚Kα is of weak type pp˜, q˜q for every p˜, q˜
such that 1
q˜
“ 1
p˜
´ α
d
, 1 ă p˜ ă q˜ ă 8, 0 ă α ă d.
In a similar way we can also prove that Kα is of weak type p1, q˜q for 1q˜ “ 1 ´ αd and
0 ă α ă d. Indeed, the estimate (3.4) holds also for p˜ “ 1 and
}f ˚Kp2qα,s}L8 ď C}f}L1pλq ˆ
#
sα´d if s ă 1
0 if s ě 1. (3.8)
We now set
sptq “
#`
1` t
2
˘1{pα´dq
t ě 2
1 0 ă t ă 2 ,
which is ď 1. Then (3.6) holds also in this case and we obtain as above that
sup
tą0
t λptx : |f ˚Kαpxq| ą tuq1{q˜
ď C}f}L1pλq sup
tą0
t λ
ˆ"
x : |f ˚Kp1q
α,sptqpxq| ą C
t
2
}f}Lp˜pλq
*˙1{q˜
ď C}f}L1pλq sup
tą0
t
˜
2
Ct}f}L1pλq
}f ˚Kp1q
α,sptq}L1pλq
¸1{q˜
.
We now notice that
sup
0ătă2
t
˜
2
Ct}f}L1pλq
}f ˚Kp1q
α,sptq}L1pλq
¸1{q˜
ď sup
0ătă2
t
ˆ
t}f}L1pλq
2
˙´1{q˜ ˆ
1
α
˙1{q˜
}f}1{q˜
L1pλq
“ 2α´1{q˜ ,
while
sup
tě2
t
˜
2
Ct}f}L1pλq
}f ˚Kp1q
α,sptq}L1pλq
¸1{q˜
ď sup
tě2
t
ˆ
t}f}L1pλq
2
˙´1{q˜ ˆ
sptqα
α
˙1{q˜
}f}1{q˜
L1pλq
ď C sup
tě2
t
1´ 1
q˜
ˆ
2
α
˙1{q˜ ˆ
t
2
˙´1{d
“ C α´1{q˜ .
This proves that
}f ˚Kα}Lq˜,8pλq ď Cα´1{q˜}f}L1pλq. (3.9)
We shall now use the Marcinkiewicz interpolation theorem for two specific choices of the
couple pp˜, q˜q. Being p P p1,8q, q P pp,8q, and α{d “ 1{p ´ 1{q as in the statement, we
define ˆ
1
p1
,
1
q1
˙
“
´
1, 1 ´ α
d
¯
,
ˆ
1
p2
,
1
q2
˙
“
ˆ
α
d
` 1
q ` 1 ,
1
q ` 1
˙
. (3.10)
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By the above, Kα is both of weak type p1, q1q and pp2, q2q with norms Mp1, q1q and
Mpp2, q2q respectively, given by
Mp1, q1q “ α´p1´α{dq,
Mpp2, q2q “
´dα{d
α
¯´α
d
¯ α{d
α{d`1{pq`1q
”´
1´ α
d
´ 1
q ` 1
¯
pq ` 1q
ı 1
1`d{pαpq`1qq
´α
d
.
We select
θ “
1´ 1
p
1´ α
d
´ 1
q`1
.
Notice that we indeed have 0 ă θ ă 1, 1{p “ p1´ θq{p1` θ{p2 and 1{q “ p1´ θq{q1` θ{q2.
Thus, Kα is of strong type pp, qq, i.e. bounded from Lppλq to Lqpλq, with norm bounded
by
CM0p1, q1, p2, q2q1{qMp1, q1q1´θMpp2, q2qθ,
see e.g. [30, Ch. XII, (4.18)], where
M0p1, q1, p2, q2q “ qpp2{pq
q2{p2
q2 ´ q `
q{pq1
q ´ q1 .
If we observe that
M0p1, q1, p2, q2q1{qMp1, q1q1´θMpp2, q2qθ ď C d´ α
α
p1 q1´1{p, (3.11)
then we get precisely (3.1), which concludes the proof of the proposition.
We now sketch the proof of (3.11). First we considerM1 “Mp1, q1q, and simply observe
that
M1 “ α´1dα{dpα{dqα{d ď dα´1
as α{d ď 1 and xx ď 1 for x P p0, 1s.
Then we consider M0 “M0p1, q1, p2, q2q, and observe that
M0 “ q
ˆ
y ` 1` 1
q
˙1`y
p1` yq´p1`yq ` Cpp, qq
where
Cpp, qq “ p´p1q{pq`p1q
´
1` p
1
q
¯
, y “ α
d
pq ` 1q.
Moreover ˆ
y ` 1` 1
q
˙1`y
p1` yq´p1`yq “
«ˆ
1` 1
qp1` yq
˙qp1`yqff1{q
ď e
since qp1` yq ě 1 and by the estimate p1` 1
x
qx ď e for x ě 1. Thus M0 ď e q ` Cpp, qq.
We then consider M2 “Mpp2, q2q, and estimate Mθ2 . We first observe that
Mθ2 ď dθα´θ
´α
d
¯θ α{d
α{d`1{pq`1q
”´
1´ α
d
´ 1
q ` 1
¯
pq ` 1q
ıθ α{d
α{d`1{pq`1q
´θ α
d
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and that´α
d
¯θ α{d
α{d`1{pq`1q
”´
1´ α
d
´ 1
q ` 1
¯
pq ` 1q
ıθ α{d
α{d`1{pq`1q
´θα
d
“
´α
d
¯ p1´1{pq
1´z
α{d
z
”´
1´ z
¯
pq ` 1q
ı p1´1{pq
z
α
d
, (3.12)
where z “ α
d
` 1
q`1 . Observe that 0 ă z ă 1{p ă 1. Since pα{dq{z ď 1 and p1´ 1{pq{p1´
zq ď 1, the right hand side of (3.12) is smaller than
pq ` 1q1´1{p “ q1´1{p rp1` 1{qqqs 1q p1´ 1p q ď e q1´1{p.
This proves that Mθ2 ď e dθ q1´1{pα´θ.
Putting everything together, we proved that
M
1{q
0 M
1´θ
1 M
θ
2 ď e dα´1pe q ` Cpp, qqq1{qq1´1{p.
It remains to estimate the term in the parenthesis in the right hand side. Observe first
that
peq `Cpp, qqq1{q ď pe qq1{q `Cpp, qq1{q ď 2e` Cpp, qq1{q,
and then that
Cpp, qq1{q ď
´
1` p
1
q
¯1{q “ d´ α
d
p1
´
1` p
1
q
¯1{q´1 ď d´ α
d
p1.
After observing that pd´ αq p1{d ě 1, the proof is complete. 
Remark 3.2. Assume that G has polynomial growth. Then δ “ 1, and L “ ∆ is the
sum-of-squares sub-Laplacian associated with X. Since the exponential dimension D can
be taken arbitrarily small, one obtains τδ “ 1. Thus, in this case the Sobolev norm }¨}Lpαpλq
is the graph norm of pI `∆qα{2 in Lppλq.
This in particular holds in Rd, where X “ tB1, . . . , Bdu, ∆ is the Laplacian, λ is the
Lebesgue measure and Lpα “ Lpαpλq is the classical inhomogeneous Sobolev space. Theo-
rem 3.1 then reads as
}f}Lq ď A1 p
p´ 1q
1´1{p}f}Lpα ,
where A1 depends only on the dimension d.
As an application of Theorem 3.1, we shall prove a Moser–Trudinger inequality for
the Sobolev spaces endowed with a left measure. To do this, we will need a precise
version of the interpolation inequality [6, eq. (6.1)] associated to the interpolation space
pLppλq, Lpαpλqqrθs “ Lpθαpλq, which was originally proved in [5, Lemma 3.1]. To prove this
refined estimate, we follow some ideas developed in [2]; see also [23].
Proposition 3.3. Let p P p1,8q and define
Cp “ inf
σą0
sup
tPR
eσp1´t
2q}pτδI ` Lqit}LppλqÑLppλq.
Then 1 ď Cp ă 8 and for all f P Lpαpλq, α ě 0, and θ P p0, 1q we have
}f}Lpθαpλq ď Cp}f}
1´θ
Lppλq }f}θLpαpλq . (3.13)
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Proof. For σ ą 0, let
Cp,σ “ sup
tPR
eσp1´t
2q}pτδI ` Lqit}LppλqÑLppλq.
Since Cp,σ is finite for all σ ą 0 by [9, Corollary 1], see also [19], it follows that Cp is finite.
Moreover, since pτδI ` Lqit “ I for t “ 0, one gets Cp,σ ě eσ ě 1, hence also Cp ě 1.
Suppose that f “ řNj“1 ajχEj , h “ řN 1k“1 a1kχE1k are two simple functions on G. Let
S “  z P C : 0 ă Re z ă 1(, and let S denote its closure. For every z P S we define
wpzq “ eσz2
ż
G
pτδI ` Lq´αz{2fpxqhpxqdλpxq.
Then w is holomorphic on S, continuous on S and w is bounded on S. Indeed,
sup
zPS
|wpzq| ď
Nÿ
j“1
N 1ÿ
k“1
|aj ||a1k| sup
zPS
ˇˇˇ
eσz
2
ż
E1k
pτδI ` Lq´αz{2χEjpxqdλpxq
ˇˇˇ
ď Cp,σ
Nÿ
j“1
N 1ÿ
k“1
|aj ||a1k|λpE1kq1{p
1
sup
0ďxď1
}pτδI ` Lq´αx{2}LppλqÑLppλqλpEjq1{p ă 8 .
We now observe that for every t P R
|wpitq| ď Cp,σ}f}Lppλq}h}Lp1 pλq
and
|wp1 ` itq| ď Cp,σ}pτδI ` Lq´α{2f}Lppλq}h}Lp1 pλq .
By the classical three lines theorem it follows that
|wp1 ´ θq| ď Cp,σ}f}θLppλq}pτδI ` Lq´α{2f}1´θLppλq}h}Lp1pλq .
By taking the supremum over all simple functions h such that }h}Lp1 pλq ď 1 we have
}pτδI ` Lq´p1´θqα{2f}Lppλq ď Cp,σ}f}θLppλq}pτδI ` Lq´α{2f}1´θLppλq.
By using the density of simple functions in Lppλq and choosing g “ pτδI `Lq´α{2f we get
}pτδI ` Lqθα{2g}Lppλq ď Cp,σ}pτδI ` Lqα{2g}θLppλq}g}1´θLppλq,
which is equivalent to
}g}Lp
θα
pλq ď Cp,σ}g}θLpαpλq}g}
1´θ
Lppλq .
By taking the infimum over all σ ą 0, the inequality (3.13) follows. 
As a corollary of the estimate of Theorem 3.1 and Proposition 3.3, we obtain the
following global Moser–Trudinger inequality. Keeping the notation therein, we define
γ1 “ re pCpA1 p1qp1p1s´1.
Theorem 3.4. Let p P p1,8q. For γ P r0, γ1q and f P Lpd{ppλq with }f}Lpd{ppλq ď 1,ż
G
´
exppγ|f |p1q ´
ÿ
0ďkăp´1
γk
k!
|f |p1k
¯
dλ ď CpG,X, pq}f}p
Lppλq. (3.14)
We point out that, even in the case of the Laplacian in Rd, the best constant γ1 for
which (3.14) holds is not known, other than in the cases d{p “ 1 [17] and d{p “ 2 [16].
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Proof. By Theorem 3.1 and the interpolation inequality (3.13), when q ą p we obtain
}f}Lqpλq ď A1 p1 q1´1{pCp}f}1´p{qLp
d{p
pλq}f}
p{q
Lppλq. (3.15)
Then, if }f}Lp
d{p
pλq ď 1,ż
G
´
exppγ|f |p1q ´
ÿ
0ďkăp´1
γk
k!
|f |p1k
¯
dλ “
ÿ
kěp´1
γk
k!
}f}p1k
Lp
1kpλq
ď }f}p
Lppλq
ÿ
kěp´1
γk
k!
pCpA1 p1qp1kpp1kqk
ď CpG,X, pq}f}p
Lppλq
if γ ă γ1. The proof of the theorem is complete. 
4. The case of general measures
In this final section we consider the case of a general sub-Laplacian ∆χ and relative
measure µχ. Recall that an embedding like Theorem 3.1 fails if λ is replaced by any
other measure µχ, see [5], and as we show below in Remark 4.3, a global Moser–Trudinger
inequality also does not hold if µχ ‰ λ. Thus we can only prove a local Moser–Trudinger
theorem, that is, for compactly supported functions. Define
spχq “ max
Bpe,1q
χδ´1 “ ecpχδ´1q,
and observe that spχq ě 1 for all χ’s.
Proposition 4.1. Let p P p1,8q and q P rp,8q. There exists A2 “ A2pG,Xq ą 0 such
that
}f}Lqpµ
χq{pδ1´q{p
q ď
A2 spχq
p´ 1
ˆ
1` q
p1
˙ 1
q
` 1
p1 }f}Lp
d{p
pµχq (4.1)
for all f P Lp
d{ppµχq.
Proof. By Young’s inequality (2.2), we obtain that
}pτχI `∆χq´d{2pg}Lqpµ
χq{pδ1´q{p
q
“ }pχδ´1q1{pg ˚ pχδ´1q1{pGd{pχ }Lqpλq
ď }pχδ´1q1{pg}Lppλq}pχ´1δq1{p qGd{pχ }r{p1Lrpλq }pχδ´1q1{pGd{pχ }r{qLrpλq
“ }g}Lppµχq}pχ´1δq1{p qGd{pχ }r{p1Lrpλq }pχδ´1q1{pGd{pχ }r{qLrpλq, (4.2)
where r P p1,8q is such that 1
p
` 1
r
“ 1` 1
q
. We split G
d{p
χ in its local and global part as
in (2.6), and estimate the integrals of the two terms separately.
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By Lemma 2.1, we obtain
}pχδ´1q1{pGd{p,locχ }Lrpλq ď
C
p´ 1
´ 8ÿ
k“0
ż
2´k´1ă|x|ď2´k
pδχ´1qrp1{2´1{pqpxq|x|rpd{p´dq dλpxq
¯1{r
ď C
p´ 1 spχq
´ 8ÿ
k“0
2´krpd{p´dq´kd
¯1{r
ď C
p´ 1 spχq
´ ż 1
0
upd{p´dqrud´1 du
¯1{r “ C spχq
p´ 1
ˆ
1` q
p1
˙ 1
q
` 1
p1
,
where we used that
sup
yď|x|
pδχ´1q1{2´1{ppyq “ sup
yď|x|
pδχ´1q|1{2´1{p|pxq “ ecpχδ´1q|x|, (4.3)
and that |1{2´ 1{p| ď 1.
As for the global part of the kernel, using again (4.3),
}pχδ´1q1{pGd{p,globχ }Lrpλq ď C
´ż 8
0
pχδ´1qrp1{p´1{2qe´rp2D`cpχδ´1q`b0q|x| dλ
¯1{r
ď C
´ż 8
0
e´rp2D`b0q|x| dλ
¯1{r
ď C
´ 8ÿ
k“0
e´rp2D`b0q2
k`D2k`1
¯1{r ď C. (4.4)
The term } qGc
d{p}Lrpλq can be estimated in the same way, in view of (4.3) and by the
radiality of the other terms appearing in the bound of Lemma 2.1. 
Keeping the notation of Proposition 4.1, for 1 ă p ă 8 we define
γ2 “
«
e
ˆ
A2spχq2
p´ 1
˙p1ff´1
.
The following result is inspired by [25].
Theorem 4.2. Let p P p1,8q. For γ P r0, γ2q,
sup
}f}
L
p
d{p
pµχq
ď1, supp fĎBpe,1q
ż
G
´
exppγ|f |p1q ´ 1
¯
dµχ ă 8.
Proof. We first notice that if f is supported in Bpe, 1q and q ą p, then
}f}Lqpµχq “ }pχδ´1q
1
q
´ 1
p f}Lqpµ
χq{pδ1´q{p
q ď spχq}f}Lqpµ
χq{pδ1´q{p
q,
so by Proposition 4.1
}f}Lqpµχq ď
A2 spχq2
p´ 1
ˆ
1` q
p1
˙ 1
q
` 1
p1 }f}Lp
d{p
pµχq. (4.5)
If f is supported in Bpe, 1q and }f}Lp
d{p
pµχq ď 1, then
}f}Lppµχq ď }pτχI `∆χq´d{2p}LppµχqÑLppµχq “ Cpχ, pq,
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andż
G
´
exppγ|f |p1q ´ 1
¯
dµχ “
8ÿ
k“1
γk
k!
}f}p1k
Lp
1kpµχq
ď Cpχ, pq
ÿ
1ďkăp{p1
γk
k!
µχpBpe, 1qq1´kpp1´1q `
ÿ
kěp{p1
γk
k!
ˆ
A2 spχq2
p´ 1
˙p1k
pk ` 1qk`1 ,
where we applied (4.5) when kp1 ě p, and Ho¨lder’s inequality and the support condition
of f if kp1 ă p. If γ P r0, γ2q, then the latter series is convergent and the theorem is
proved. 
Remark 4.3. Theorem 3.4 does not hold with any other µχ in place of λ. Indeed, if there
exist p P p1,8q, C ą 0 and γ ą 0 such that for all f P Lp
d{ppµχq, }f}Lpd{ppµχq ď 1,ż
G
´
exppγ|f |p1q ´
ÿ
0ďkăp´1
γk
k!
|f |p1k
¯
dµχ ď C}f}pLppµχq, (4.6)
then necessarily µχ “ λ.
To see this, assume that (4.6) holds for all f P Lp
d{ppµχq, }f}Lpd{ppµχq ď 1, with µχ ‰ λ,
i.e. χ ‰ δ. We first prove that then (4.6) holds for all f P Lp
d{ppµχq, with no restriction on
its norm (other than being finite). Recall, indeed, that for any y P G and f P Lp
d{ppµχq,
denoting by Ly the left translation by y P G, one has
}Lyf}Lp
d{p
pµχq “ pχδ´1q1{ppyq}f}Lpd{ppµχq.
Since pχδ´1q´1{p is a positive nonconstant character, it is unbounded; thus there exists
y P G such that
pχδ´1q´1{ppyq ě }f}Lp
d{p
pµχq.
Equivalently, pχδ´1q1{ppyq}f}Lp
d{p
pµχq ď 1, hence }Lyf}Lpd{ppµχq ď 1. Thus, we may ap-
ply (4.6) to Lyf ; and by a change of variable, one obtains (4.6) for f where the constant
C does not depend on the norm of f .
But (4.6) cannot hold without restriction on the norm of f P Lp
d{ppµχq. Indeed, let
σ ě 1 and consider σf , which still belongs to Lp
d{ppµχq for any σ. Then, by (4.6) applied
to σf , ż
G
ÿ
kěp´1
γk
k!
σp
1k|f |p1k dµχ ď C σp}f}pLppµχq.
Since ż
G
ÿ
kěp´1
γk
k!
σp
1k|f |p1k dµχ ě
ż
G
ÿ
kěp
γk
k!
σp
1k|f |p1k dµχ ě σpp1
ż
G
ÿ
kěp
γk
k!
|f |p1k dµχ,
one obtains
σppp
1´1q
ż
G
ÿ
kěp
γk
k!
|f |p1k dµχ ď C}f}pLppµχq
for all σ ě 1, which is a contradiction since ppp1 ´ 1q ą 0.
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